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Abstract
We show that the number of binary words of length n avoiding abelian fourth powers grows
faster than rn, where r = 21=16.
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1. Introduction
In studying tilings, it is nowadays commonplace to step up and down through the
dimensions. When we consider one-dimensional tilings, we have entered the realm of
combinatorics on words. This study was initiated by Thue [10], who studied words
avoiding squares, cubes or overlaps. A generalization of Thue’s work, due to Erd8os,
is the study of words avoiding abelian powers, initiated in [8]. We say that x∼y for
words x and y if the frequencies of letters in x and y are identical. For example,
123342∼ 321342. We say that word w encounters an abelian square (cube, fourth
power) if w has a subword x1x2 (x1x2x3, x1x2x3x4) with xi∼ xi+1, i=1(2; 3), x1 = 	.
In the one-dimensional setting, the analogue of calculating the entropy of a tiling is
counting the number of distinct subwords of length n in a given sequence or language.
The set of square-free words of length n over {1; 2; 3} was shown to grow exponentially
with n by Brandenburg and Brinkhuis [2,3]. On the other hand, the set of overlap-free
words over {0; 1} grows only polynomially with length, and the same is true for words
over four letters avoiding pattern w
 [1].
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The theory of abelian pattern avoidance [6] lags behind the theory of ordinary avoid-
ance; it was not until 1992 [9] that abelian squares were shown to be avoidable over
a four-letter alphabet. Nevertheless, Carpi has shown [4] that the set of words on
four letters avoiding abelian squares grows exponentially. In this note, we extend our
knowledge of the abelian case by proving that the set of binary words avoiding abelian
fourth powers grows exponentially with length. (We remark that abelian cubes cannot
be avoided on a two-letter alphabet.)
In keeping with the idea of stepping through the dimensions, our proof is motivated
by interpreting binary sequences as walks in the discrete plane Z2, considered modulo
the lattice
L =
〈[
3
1
]
;
[
1
2
]〉
:
2. Multi-valued substitutions
In this section we introduce multi-valued substitutions, and prove a generalization of
a theorem of Dekking [7].
A multi-valued substitution is a function  :∗→P(T ∗), where P(T ∗) is the set of
subsets of T ∗. Let v∈∗, v= v1v2v3 · · · vk , vi ∈, i=1; 2; : : : ; k. We say that word w is
an image of word v under multi-valued substitution  if we can write w=w1w2w3 · · ·wk ,
where wi ∈ (vi), i=1; 2; 3; : : : ; k. We write w∈ (v). In the case that =T , we call 
a multi-valued substitution on . We say that  is abelian n-power-free if whenever
w contains an abelian n-power and w∈ (v), then v contains an abelian n-power.
In what follows, Gx a natural number m, and let  be the alphabet {1; 2; : : : ; m}.
If w is a word, we deGne (w)= [|w|1; |w|2; : : : ; |w|m]T. In other words, (w) is a
column vector which counts the frequencies of 1; 2; : : : ; m in w, and w∼ v exactly
when (w)=(v). Suppose that  is a multi-valued substitution on  such that for
each i∈ we have (u)=(v) whenever u; v∈ (i). In this case, we say that  is
single-valued up to permutation. Let the frequency matrix M of  be the m×m matrix
with ith column (v), any v∈ (i). We observe that if w is an image of v under ,
then (w)=M(v).
Fix an abelian group G. Fix a natural number n. A subset S of G is progression-free
of order n+1 if the only arithmetic progressions a; a+ b; a+2b; : : : ; a+ nb in S have
b=0, the identity of G.
Suppose that  is a multi-valued substitution on . Let f :∗→G be a semigroup
homomorphism. Notice that u∼ v in ∗ implies that f(u)=f(v) in G. Let L be the
set of preGxes of words in (). We say that f is -injective if any solutions of
f(p1) = f(p2) = · · · = f(pn+1);
ui ∈ ; pisi ∈ (ui); i = 1; 2; : : : ; n+ 1
always satisfy either
p1 = p2 = · · · = pn+1 or s1 = s2 = · · · = sn+1:
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Theorem 1. Suppose that  :∗→P(∗) is a multi-valued substitution which is
single-valued up to permutation. Suppose in addition that
(1) f(v)= 0 if v∈ (i) for some i∈,
(2) the set f(L) is progression-free of order n+ 1,
(3) f is -injective,
(4) M is non-singular.
Then  is abelian n-power-free.
Proof. Suppose that u= u1u2 · · · um, uj ∈ and that word t ∈ (u) contains an abelian
n-power. Write t= t1t2 · · · tm where tj∈(uj); j=1; 2; : : : ; m. Since t contains an abelian
n-power, write t=px1x2 · · · xns, where the xi are non-empty, and xi∼ xi+1, i=1;
2; : : : ; n− 1.
Let m0 be minimal such that p is a preGx of t1t2 · · · tm0 . Write t1t2 · · · tm0 =ps0, and
tm0 =p0s0. For i=1; 2; : : : ; n, let mi be minimal such that px1x2 · · · xi is a preGx of
t1t2 · · · tmi ; write t1t2 · · · tmi =px1x2 · · · xisi, and tmi =pisi.
For i from 0 to n− 2, xi+1∼ xi+2. Thus,
px1x2 · · · xi+2px1x2 · · · xi ∼ px1x2 · · · xi+1px1x2 · · · xi+1:
This means that
f(px1x2 · · · xi+2px1x2 · · · xi) = f(px1x2 · · · xi+1px1x2 · · · xi+1);
whence
f(t1t2 · · · tmi+2−1pi+2t1t2 · · · tmi−1pi) = f(t1t2 · · · tmi+1−1pi+1t1t2 · · · tmi+1−1pi+1):
Then
f(pi+2pi) = f(pi+1pi+1);
since f vanishes on the ti, and
f(pi+2)− f(pi+1) = f(pi+1)− f(pi):
It follows that {f(pi) : i=0; 1; : : : ; n} is an arithmetic progression. Since f(L) is pro-
gression-free of order n + 1, we have f(pi)=f(pi+1); i=0; 1; : : : ; n − 1. Since f is
-injective, either
p0 = p1 = · · · = pn; or s0 = s1 = · · · = sn:
Assume that the Grst case holds. (The other case is similar.)
Since the pi are identical but the xi are non-empty, we have
m0 ¡ m1 ¡ · · ·¡ mn:
Write t=t1t2 · · · tm0−1p0s0w0p1s1w1p2s2w2 · · ·pnsnwn, where wi=tmi+1 · · · tmi+1−1 (with
the convention that mn+1 =m+ 1). For i=1; 2; : : : ; n, we have xi = si−1wi−1pi.
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Using xi ∼ xi+1 and pi ∼ pi−1, we obtain
tmi−1 tmi−1+1 · · · tmi−1 ∼pi−1si−1wi−1
∼ si−1wi−1pi
= xi
∼ xi+1
= siwipi+1
∼pisiwi
= tmi tmi+1 · · · tmi+1−1; i = 1; 2 : : : ; n− 1:
Then
(tmi−1 tmi−1+1 · · · tmi−1) = (tmi tmi+1 · · · tmi+1−1);
or
M(umi−1umi−1+1 · · · umi−1) = M(umiumi+1 · · · umi+1−1):
Since M is non-singular,
(umi−1umi−1+1 · · · umi−1) = (umiumi+1 · · · umi+1−1);
and
umi−1umi−1+1 · · · umi−1 ∼ umiumi+1 · · · umi+1−1:
We see that u contains an abelian n-power y1y2 · · ·yn, where yi = umi−1umi−1+1.
Remark 1. Dekking [7] proved this result for the case where the (i) are singletons;
however, we see that his proof goes through for multi-valued substitutions.
Remark 2. The intent of the theorem is that G=Zm=L, where L is the lattice
L= 〈((i)) : i∈〉 and f is the map f(v)=((v))=L.
Example 2. Let ={0; 1}, and consider the multi-valued substitution  on  given by
f(0) = {0001};
f(1) = {011; 101}:
Let G be Z5, and let f be generated by
(0) = 1;
(1) = 2:
Here L={0; 00; 000; 0001; 01; 011; 1; 10; 101} and f(L)={0; 1; 2; 3}. We have
f((0))=f((1))= 0, and the longest non-trivial arithmetic progressions in f(L) are
of length four.
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The left-blocks may be partitioned as f−1(0)∩L= {0001; 011; 101}; f−1(1)∩
L= {0}; f−1(2)∩L= {00; 1} and f−1(3)∩L= {000; 01; 10}. Elements of f−1(0)∩L
all correspond to the suJx 	; f−1(1)∩L is a singleton; elements of f−1(2)∩L all
correspond to the suJx 01; elements of f−1(3)∩L all correspond to the suJx 1. We
thus see that f is -injective.
By Theorem 1  is abelian four-power-free.
Remark 3. Here
L =
〈[
3
1
]
;
[
1
2
]〉
;
and Z2=L∼=Z5 since
det
[
3 1
1 2
]
= 5:
Finally, it is an exercise in linear algebra to check that v∈L if and only if [1 2]v∈ 5Z1.
3. The number of binary words avoiding abelian four-powers grows exponentially
with length
The previous section generalizes Dekking’s proof that h!(0) avoids abelian four-
powers, where h is the single-valued substitution on {0; 1} generated by h(0)= 0001,
h(1)= 011: Let w be the preGx of h!(0) of length n. We can write w= h(v)p where
v is a preGx of h!(0), and |p|63: By Theorem 1, every word in (v)p avoids abelian
four-powers. Since 0000 cannot be a subword of v, |v|1¿(|v| − 3)=4. Since (1) con-
tains 2 words, we see that (v) and hence (v)p contains at least 2(|v|−3)=4 words.
Also, |w|= |(v)p|64|v|+ 3: It follows that (v)p contains at least crn words, where
c=2−15=16 and r=21=16.
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